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ABSTRACT Orthogonal frequency division multiplexing (OFDM-IM) is a multicarrier transmission
technology that modulates information bits not just onto subcarriers by means of M-ary constellation
mapping but also onto selected (active) subcarrier indices. Consequently, errors can occur in OFDM-
IM systems indices in addition to the errors of M-ary symbols. This paper analyzes the error scenarios
and derives mathematical expressions for the error performance based on the maximum likelihood (ML)
detection. In evaluating the bit error rate (BER) in the additive white Gaussian noise (AWGN) channel, some
assumptions are made and our analytical result show that the BER of OFDM-IM system is a weighted sum
of exponential functions and Q-functions. Our general BER expression has been shown to be in excellent
agreement with numerical simulation and proven to be accurate and can serve as a reference for the design
and evaluation of any arbitrary size and configuration of OFDM-IM systems.
INDEX TERMS Index modulation, OFDM, maximum likelihood detection, probability density function,
BER analysis
I. INTRODUCTION
OFDM is the most popular multicarrier transmission tech-nology adopted in many recent broadband wireless
standards such as 802.11a/g (Wi-Fi), 802.16 (WiMAX),
Long Term Evolution (LTE), Digital Audio and Video Broad-
casting (DAB and DVB). This is in order to satisfy the
increasing demand for high data rate communications in fre-
quency selective fading channels. The advantages of OFDM
include its ability to mitigate Inter-Symbol Interference (ISI)
caused by channel frequency selectivity [1], and its use of
simple frequency domain equalizers at the receiver for effi-
cient detection [2], [3]. However, OFDM suffers high Peak
to Average Power Ratio (PAPR) which may severely impair
system performance due to induced spectral regrowth and
detection performance degradation. Furthermore, OFDM is
very sensitive to timing and frequency synchronization errors
[4], [5]. In [6], and motivated by the earlier works on parallel
combinatory spread spectrum [7], the parallel combinatory
OFDM (PC-OFDM) system was proposed for minimizing
the PAPR as well as for improving the bandwidth and the bit
error probability in AWGN channels. In another endeavour,
inspired by the phylosophy of Spatial Modulation (SM)
[8], Subcarrier Index Modulation OFDM (SIM-OFDM) was
proposed, where OFDM subcarriers are classified as active
and inactive, with their indices exploited to implicitly convey
information bits [9]. This concept’s primitive implementa-
tion allows binary information bits to control the selection
of active and inactive subcariers, where preliminary results
showed that the system can provide significant improvement
over the conventional OFDM in terms of BER performance,
PAPR reduction and can also offer trade-off between spectral
and energy efficiencies.
In recent years, 5G wireless systems have been conceptu-
alised to provide unprecedented levels of spectral and energy
efficiencies for high data rate and ubiquitous communica-
tions [10]. Accordingly, there has been a growing worldwide
activity to develop new technologies that will support the
5G revolution. Consequently, SIM-OFDM system has been
identified as one of the potential physical layer techniques to-
wards 5G and beyond target realisation [11]–[13]. A plethora
of research results have been published so far in the areas
of design/enhancement of SIM-OFDM system, error perfor-
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mance/capacity improvement and generalization/adaptation
to different wireless environments. Even though the early
SIM-OFDM system design has been shown to be capable of
outperforming the classical OFDM and also offering trade-
off between power saving and SNR improvement through
implementation of power saving policy (PSP) and power
redistribution policy (PRP) respectively, it has a limitation
imposed by error propagation as a result of error in index
bit detection [9]. In order to tackle this problem, [14], [15]
proposed an Enhanced Subcarrier Index Modulation (ESIM)
scheme, where subcarriers are grouped into clusters to lo-
calize and limit the error propagation. This scheme is also
referred to as ’Orthogonal Frequency Division Multiplexing
with Index Modulation’ (OFDM-IM) [16] or ’Multi-Carrier
Index Keying OFDM’ (MCIK-OFDM) [17], [18] in the liter-
ature.
Some studies also aimed at improving the throughput of
SIM-OFDM systems e.g., two generalised OFDM-IM struc-
tures were proposed (OFDM-GIM-I and OFDM-GIM-II) by
modifying ESIM to enhance performance. More specifically,
OFDM-GIM-I is capable of providing flexibility for active
subcarriers selection and can transmit more bits per sub-
block compared to OFDM-IM, while OFDM-GIM-II is for
improving the spectral efficiency by applying IM indepen-
dently for in-phase and quadrature components of the com-
plex data symbols [19]. Furthermore, multiple mode [20],
dual mode [21] and generalized dual mode [22] OFDM-
IM structures have also been proposed to improve spectral
efficiency over the conventional OFDM-IM by conveying
information through multiple distinguishable modes and their
full permutation. Basically, additional bits are transmitted
through indices of subcarriers modulated by the same con-
stellation alphabet, and this can be improved by altering the
number of subcarriers modulated by the same constellation
mode in each sub-block. Furthermore, MIMO and OFDM-
IM were combined in [23], [24] to take advantage of the ben-
efits of both techniques and it is demonstrated that MIMO-
OFDM-IM improves the capacity and integrity of OFDM-
IM system and provides a flexible tradeoff between the error
performance and the spectral efficiency as well as achieves
considerably better error performance than classical MIMO-
OFDM.
Researchers have been conducting investigations to further
establish the numerous advantages of SIM-OFDM over the
convenvional OFDM. For example, [25] showed sidelobe
suppression and BER performance improvements in SIM-
OFDM over OFDM when N-continuous signal processing is
adopted, This implies that SIM-OFDM system is less prone
to spectral leackages, which is a problem for multicarrier
systems. Additionally, SIM-OFDM was found to be less
sensitive to phase noise and doppler due to its robustness and
tolerance more than the conventional OFDM [26]. Further-
more, [27] investigated the cell edge performance of FQAM,
another IM based transmission system and found out that
the noise plus interference signals which is a characteristic
of the cell edge user, deviates from the Gaussian distribu-
tion and thus achieves higher capacity over OFDM at cell
edge. [28] analysed OFDM-IM from an information theoretic
perspective and proposed an optimal method for maximizing
the energy efficiency (EE) of the system. In an attempt to
continuously improve IM based OFDM, OFDM with Inter-
leaved Subcarrier Index Modulation (OFDM-ISIM) has been
proposed in [29], and result has shown that increasing the
Average/ Minimum Euclidean Distance (AMED) of elements
within the sub blocks can substancially improve the BER
performance. To further improve the distribution of AMED,
a novel subcarrier allocation scheme based on optimal search
algorithm was proposed in [30] which maximixes AMED
among the clusters and simplified search algorithm which
allocates subcarriers by sorting the channel gains have been
presented . Owing to the degraded performance of OFDM-
IM in severely fading environments, the diversity potential
of OFDM-IM has been investigated in [31], [32] using Co-
ordinated Interleaved OFDM-IM (CI-OFDM-IM)-where CI
in conjuction with Space Time Block Codes Performance
analysis based on the ML detection for both coded and
uncoded systems show significant BER performance im-
provements over OFDM and OFDM-ISIM. Yet in another
novel OFDM-IM scheme called repeated index modulation
with coordinate interleaved OFDM (RIM-CI-OFDM) [33],
performance analysis using both the optimal ML and low
complexity ML detectors shows that higher reliabilty and
flexibility in accurately detecting index and M-ary symbols
can be achieved.
A general design guideline for OFDM-IM system has
been presented in [34]. One of the important performance
metrics in evaluating the superiority of OFDM-IM system
over classical OFDM system is the BER performance. Most
papers such as [15], [35]–[40] have analysed the error per-
formance for different detection schemes from the pairwise
error probability (PEP) perspective and provided expressions
for SER/IER/BER bounds. For example, [35] derived closed
form expressions for PEP and symbol error probability (SEP)
for hybrid detection/diversity reception in OFDM-IM based
MIMO systems. [38] on the other hand provided a tight
closed form expression for average SEP under channel state
information (CSI) uncertainty and also investigated through
asymptotic analysis, the achievable diversity, coding gain
and impact of CSI uncertainty. [36], [39] investigated the
BER for OFDM-IM systems using greedy detection. This
is a low complexity detection method that makes detection
of active subcarriers on the basis of their received power,
which means the detection of active subcarrier does not
depend on the detection of M-ary symbols. By deriving the
BER from pairwise error probability, the expressions given
can only be tight but not exact. Even though Maximun
likelihood/Maximum aposteriori (ML/MAP) detection are
adjudged the optimal detection for most communication
systems very few attempts have been made in analysing
and providing exact BER expression. [37] provided a BER
expression for the joint detection of OFDM-IM systems
but results were far from exact as numerical simulations
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and theoretical results exhibit a gap up to 3dB at low SNR
which reduces to 1dB as SNR increases. Although [14], [40]
presented some insight into deriving the exact expressions for
OFDM-IM BER, they limit the number of active subcarrier
in a cluster to k = 1 and showed that overall BER is the
sum of errors due to each of index and M-ary modulation.
To the best of the authors’ knowledge, no general expression
has been given to evaluate the exact BER of any arbitrary
OFDM-IM system configuration. Our paper aims to bridge
this gap and derives a close form expression to evaluate the
exact BER of OFDM-IM system in the AWGN channel. We
present a generalized expression for evaluating the error due
to misplacement of carrier indices for a maximum likelihood
detector. Although our analysis is conducted for theAWGN
channel, our analytical expression can be readily extended to
evaluate the BER performance of a fading channel as well.
The main contributions in this work can be summarized as
follows
1) Evaluation of error performance using decision regions
in order to provide exact BER expressions.
2) Derivation and generalization of the expression for the
ML detector.
3) Although the general expression is derived for the
AWGN channel, it is shown that by averaging the
insatntaneous BERs over the SNR distribution, we can
evaluate the performance of fading channels provided
their distribution is known.
The rest of the paper is structured as follows. Section 2
presents an overview of the system model. Section 3 provides
a brief overview of the optimum receiver (ML detector).
Section 4 presents the analytical derivations of errors due
to IM with a general expression as well as the overall bit
error rate for both AWGN and Fading channels. Section 5
presents the numerical simulations to validate our derived
expressions. Finally, Section 6 concludes the paper.
Notations
Vectors are denoted by lowercase letters with bar, and ele-
ments of vectors are denoted by just lowercase letters. E{A}
denotes the expectation operation of A. B̂ represents the es-
timate of B. fn denotes the probability distributon fiunction
of n b.c (n
k
)
II. SYSTEM MODEL
The OFDM-IM transmitter depicted in Fig. 1 is considered
where a single or multiple subcarrier selection is possible
for each OFDM-IM sub-block. More specifically, the total
number of subcarriers is partitioned into blocks of subcarri-
ers, where each sub-block is the basic unit for bit modulation
and denoted by (n,k,M-ary) system, with n being the number
of subcarriers within a sub-block, k the number of active
subcarriers out of n and M-ary is the digital modulation con-
stellation size. The T input bits are divided with the aid of the
bit splitter of Fig. 1 into Index bits (P1) and M-ary bits (P2).
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FIGURE 1: A Typical OFDM-IM Transmitter System
In each sub-block P1 =
⌊
log2(
n
k )
⌋
bits are used by the index
selector of Fig. 1 to activate k subcarriers out of n, where
(n
k
)
is a combination function and b.c is a floor function. Next,
P2 = klog2M bits are mapped into k number of symbols
from the classical M-ary constellation to be transmitted over
the k active subcarriers already selected by the index selector.
As a result, each sub-block transmits P = P1 +P2 bits. For
example consider the (4,1, QPSK) system shown in Table 1,
where the first two (2) bits are used by the index selector
as follows: 00→ 1, 01→ 210→ 311→ 4. The last two bits
are used by the M-ary mapper to choose from the QPSK
symbols {q1, q2, q3, q4} as shown in the third column of the
table. After the mappings, OFDM-IM system uses the new
informations from both the index selector Ig = {I}k and M-
ary mapper xg = {x : q → x}k to create sub blocks sg ∈ S .
S is a set comprising all the possible messages si , which the
OFDM-IM modulator maps to. The sg message which will
be conveyed by the gth sub block are then concatenated in
the block creator to form the OFDM-IM frequency domain
symbols to be transmitted. The frequncy symbols are passed
through an IDFT block to create an OFDM-IM time domain
signal s(t). Then a parallel to serial converter outputs the
time domain OFDM-IM signal for transmission after a cyclic
prefix is appended to it.
At the receiver, a reverse process is applied. First, the cyclic
prefix is removed then the received symbol is passed through
a serial to parallel which is forwarded to DFT block for
reconstructing the frequency domain symbols. Next, the
frequency symbols are fed into a block splitter to divide
the OFDM-IM block into sub blocks for processing. By
assuming perfect time and frequency synchronization, the
frequency domain input output relationship of the OFDM-IM
system can be expressed as
yg = Hgsg + ng, (1)
where yg is the received signal cluster g, Hg is the channel
fading matrix whose diagonal elements (diag[h(1),...,h(n)])
represent the channel frequency response of the sub-carriers.
ng is the AWGN noise vector for the gth sub-block. xg =
[xg(1), xg(2), ..., xg(n)] is the vector of transmitted symbols
in which zeros and non-zero elements are present according
to the indices of selected sub-carriers and modulation sym-
bols.
VOLUME X, XXXX 3
M. Abdullahi et al.: Preparation of Papers for IEEE TRANSACTIONS and JOURNALS
TABLE 1: 4,1,QPSK OFDM-IM Encoder
Input
bits
Index
selector
QPSK
symbol
OFDM-IM
symbol
0 0 0 0
1
q1 [x1 0 0 0]
0 0 0 1 q2 [x2 0 0 0]
0 0 1 1 q3 [x3 0 0 0]
0 0 1 0 q4 [x4 0 0 0]
0 1 0 0
2
q1 [0 x1 0 0]
0 1 0 1 q2 [0 x2 0 0]
0 1 1 1 q3 [0 x3 0 0]
0 1 1 0 q4 [0 x4 0 0]
1 0 0 0
3
q1 [0 0 x1 0]
1 0 0 1 q2 [0 0 x2 0]
1 0 0 0 q3 [0 0 x3 0]
1 0 0 1 q4 [0 0 x4 0]
1 1 0 0
4
q1 [0 0 0 x1]
1 1 0 1 q2 [0 0 0 x2]
1 1 1 1 q3 [0 0 0 x3]
1 1 1 0 q4 [0 0 0 x4]
III. OPTIMUM RECEIVER
The optimum receiver for this system is the one based on the
Maximum A Posteriori Probability (MAP). Now given that
each received OFDM-IM sub-block (yg) contains both index
information and M-ary symbols, the detector selects the
message (mi) with the joint maximum aposteriori probability
given by
m̂g =
(
Îg, x̂g
)
= arg
(I,x)
max(P (si
∣∣yg,Hg) ), (2)
where m̂g is the estimated message mi of the gth sub-block
such that mi → si ∈ S . By employing bayes’ theory [41],
Eq. (2) can be experessed as
m̂g = arg
(I,x)
max
{
P (yg|si,Hg)P (si)
P (yg)
}
. (3)
If the OFDM-IM vectors (si) have equal joint A Priori
Probability (AP), which is the case in the example shown
in Table (1), the receiver becomes equivalent to the (ML)
detector given by the minimization function below
m̂g = arg
(I,x)
min(
∥∥yg −Hgsi∥∥2). (4)
IV. ERROR ANALYSIS
The aforementioned ML detection process jointly detects
both the index bits and the M-ary constellation bits. As a
result, bits errors can occur in the detected message in three
different ways as follows:
• bit errors resulting from erroneous detection of the in-
dices of active subcarriers, while M-ary bits are correct,
• bit errors resulting from erroneous detection of the M-
ary bits even though active carriers are correctly de-
tected and
• bit errors occuring when both index and M-ary symbols
are erroneously detected.
Once these bit errors are evaluated, the expression for the
average probability of bit error of the OFDM-IM sub block
can then be derived. This relates to the overall probability
of bit errors of the whole system since each sub block is
independent and all have similar Gaussian distribution.
A. PERFORMANCE ANALYSIS FOR AWGN CHANNEL
Considering the OFDM-IM received vector given in Eq.
(1), the fading channel diagonal marix H is a unity diag-
onal matrix in the case of AWGN channels which means
we can ignore H in our analysis. Consequently, amplitude
of the subcarriers at the receiver will be independent and
have similar Gaussian distribution with mean E{y(i)} ={
0 for i = α̂
x for i = α
and varianceNf/2, where α̂ is the in-
dex of inactive subcarrier, α is the index of active subcarrier,
x→ q an element of the set of M-ary sysmbols transmitted in
the active subcarrier. In order to derive the general expression
for the bit error performance, a single active per sub-block
OFDM-IM system is considered first, then using the same
analogy, the analysis is extended to a multi-active OFDM-IM
system for error performance generalization.
1) (n,1,M)
In this OFDM-IM system configuration, k = 1 is the
number of active subcarrier per cluster, n is the number
of subcarriers in each cluster and M is the size of the
digital modulation used to modulate the active subcarrier (e.g
M= 4 for QPSK). From the observed vector at the receiver
yg = [y(1), ..., y(n)], the ML detector makes an ML decision
on Ig considering the joint distribution of Ig,xg as shown in
Eq.(4). Recall that all subcarriers are received with addition
of AWGN and have similar Gaussian distribution. Figure 2
is an illustration of the distribution of the amplitudes of the
subcarriers as a function of transmitted constellation symbol
showing a decision region for the index detection. In the dia-
gram above, × marks on the four quadrants of the cartessian
plane are the constellation points of the digital modulation of
the system, which in this example have four possible values,
and y(α) is the highest received amplitude of the subcarriers
within the sub-block. The remaining amplitudes are within
the shaded area which is bounded by the detection decision
region as shown. Assuming y(α) is the received amplitude of
the active subcarrier, given that the n − 1 amplitude values
of the inactive subcarriers are located within the shaded
region, the probability of correctly detecting the index bits
of the OFDM-IM sub-block can be determined by taking the
integral of the vector yg such that y(α) = x + n(α) and
y(α̂i) = n(α̂i) respectively. Let us denote the probability of
correctly detecting the index bits as p(C) which can also be
evaluated as the conditional probability that
∣∣y(α)∣∣ > ∣∣y(α̂i)∣∣,
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∀α̂i 6= α and expressed as
p(C) = P
{∣∣y(α)∣∣>0,∣∣y(α̂i)∣∣, ...,∣∣y(α̂i−1)∣∣,
∣∣y(α̂i+1)∣∣, ...,∣∣y(α̂n−1)∣∣},
=
√
|y(α)|2∫
−
√
|y(α)|2
√
|y(α)|2−b2∫
−
√
|y(α)|2−b2
{√|y(α̂i)|2∫
−
√
|y(α̂i)|2
√
|y(α̂i)|2−b2i∫
−
√
|y(α̂i)|2−b2i
...
...
√
|y(α̂n−1)|2∫
−
√
|y(α̂n−1)|2
√
|y(α̂n−1)|2−b2n−1∫
−
√
|y(α̂n−1)|2−b2n−1
fy(y|s)dan−1dbn−1, ..,
, ..., dai+1dbi+1, dai−1dbi−1, ..., daidbi
}
dadb,(5)
where ai and bi for i = {1, ..., n − 1} are the real and
𝒂
𝒃 𝒚(𝜶)
𝑅𝑒
𝐼𝑚
FIGURE 2: Contour lines of the distribution of the received
subcarriers and a decision region as a function of transmitted
constellation symbol. Lines are not drawn to scale
.
imaginary components of inactive received subcarriers. The
inner integrals are bounded by negative and positive ai on
the real axis and negative and positive
√∣∣y(α̂i)∣∣2 on the
imaginary axis to give the complete dimension of the area
bounded by the distribution of the inactive subcarriers. fn
is the joint probability distribution function (pdf) of the
orthogonal set of subcarriers given by
fy(y) =
n∏
i=1
fy(y(α))
=
n∏
i=1
1
(2pi)n/2σ1...σn
exp−(
d2i
N ), (6)
where di = |y(α) − x(α)| denotes the distance between the
received amplitude and constellation symbol of the active
carrier, which reduces to di = |y(α̂i)| for the inactive
carriers. The elements of y are complex variables hence the
double integrals in Eq. (5). Substituting Eq. (6) in to Eq. (5),
p(CI) becomes
p(C) =
√
|y(α)|2∫
−
√
|y(α)|2
√
|y(α)|2−b2∫
−
√
|y(α)|2−b2
{√|y(α̂i)|2∫
−
√
|y(α̂i)|2
√
|y(α̂i)|2−b2i∫
−
√
|y(α̂i)|2−b2i
...
...
√
|y(α̂n−1)|2∫
−
√
|y(α̂n−1)|2
√
|y(α̂n−1)|2−b2n−1∫
−
√
|y(α̂n−1)|2−b2n−1
1
piN
exp
(−y(α̂n−1)2
N
)
daα̂n−1dbα̂n−1
}
...×
{
1
piN
exp(−y(α̂i)
2
N
)daα̂idbα̂i
}
×
{
1
M
M∑
q=1
1
piN
exp(− (y(α)− µq)
2
N
)dadb
}
, (7)
where µq is the complex valued M-ary constellation symbol
q on the cartesian coordinate. The multiple integral problem
above which is based on cartessian constellation can be
converted to a polar cordinate to simplify computation. The
equivalent polar coordinate of the cartessian coordinate in
Figure (2) is given in the Figure (3). With the amplitude of a
received subcarrier being represented on a polar coordinate,
the probability is computed by integrating over the entire area
of the circle which gives
p =
2pi∫
0
r∫
0
(
1
piN
exp−(r
2
N
)
)
× rdrdθ
=
1
piN
(
− N
2
exp−(r
2
N
)
∣∣∣∣∣
r
0
× θ
∣∣∣∣∣
2pi
0
)
= 1− exp−(r
2
N
). (8)
Solving the inner integrals of Eq. (7) using Eq. (8), and then
taking the limits of the amplitudes of the inactive subcarriers{
lim
∣∣y(α̂i)∣∣ → ∣∣y(α)∣∣ }, ∀α̂i, the p(C) of Eq. (7) can be
expressed as
p(C) =
√
|y(α)|2∫
−
√
|y(α)|2
√
|y(α)|2−b2∫
−
√
|y(α)|2−b2
[
1− exp
(
−
∣∣y(α)∣∣2
N
)]n−1
×
{
1
M
M∑
q=1
(
1
piN
)
exp
(
−
∣∣y(α)− µq∣∣2
N
)
dadb
}
. (9)
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FIGURE 3: Polar coordinate showing r as the amplitude of
the active subcarrier.
We can see in Eq. (9), that there is a binomial expansion
problem, which can be solved by the binomial expansion
theorem given by [42] as
(a+ b)n =
n∑
k=0
(n
k
)
an−kbk, (10)
and by substituting the binomial expansion expression into
Eq. (9), we have
p(C) =
∫ ∫ n−1∑
i=0
(
n− 1
i
)(
− exp−|y(α)|
2
N
)i
×{
1
M
M∑
q=1
(
1
piN
)
exp
(
−
∣∣y(α)− µq)∣∣2
N
)}
dadb,(11)
If k = 1 and n = 2, which is the case of a (2,1,M) OFDM-
IM system, where only a single subcarrier is inactive in any
carrier pair, the marginal probability of correctly detecting
the index bits is given by (see appendix VI)
p(CI) = 1− 1
2M
M∑
q=1
(
exp
−
(
|µq|2
2N
) )
. (12)
In the case where k = 1, n = 4 for a (4,1,M) OFDM-IM
system, (see appendix VI)
p(CI) = 1− 3
2M
M∑
q=1
(
exp−(
µ2q
2N )
)
+
1
M
M∑
q=1
(
exp−(
2µ2q
3N )
)
− 1
4M
M∑
q=1
(
exp−(
3µ2q
4N )
)
.(13)
Given the expressions for (2,1,M) and (4,1,M) OFDM-IM
systems in Eq. (12) and Eq. (13) respectively, it is evident
that the marginal probability of correctly detecting the in-
dices of the subcarriers is a sum of weighted exponentials,
which weights are given by the coefficients of a binomial
expansion represented by Pascal’s triangle shown in Table II.
The expressions in Eq. (12) and (13) can be generalized for
any arbitrary number of subcarriers with k = 1 represented
TABLE 2: Pascal’s Triangle (n=4)
1 1
1 2 1
1 3 3 1
1 4 6 4 1
by (n,1,M) OFDM-IM systems as
p(CI) = 1− 1
nM
M∑
q=1
{
K−2∑
i=1
K−1∑
j=2
K∑
m=3
(−1)mAn(m)
exp
(
− i(µq)
2
jN
)}
, (14)
where An is a subset of K number of coefficients taken from
the nth row of the pascal’s triangle shown in Table 2, while
i, j,m are counters, which relate to K coefficients.
2) (n,k,M)
For a multi-active carrier OFDM-IM system, where k > 1,
and assuming index symbol [Ig] which corresponds to k
number of active subcarriers, the detection is performed by
the ML detector on the received vector yg = [y(α), ..., y(n)],
the probability of correctly distiguishing between active and
inactive carriers is the probability that
∣∣y(α1)∣∣,...,∣∣y(αk)∣∣ >∣∣y(α̂1)∣∣, ...,∣∣y(α̂n−k)∣∣, which can be expressed as:
p(CI) = p
(∣∣y(α1)∣∣ > 0,∣∣y(α̂1)∣∣ , ...,∣∣y(α̂n−k)∣∣ )× ...,
p
(∣∣y(αk)∣∣ > 0,∣∣y(α̂1)∣∣ , ...,∣∣y(α̂n−k)∣∣ )
=
a(α1)∫
−a(α1)
b(α1)∫
−b(α1)
{ a(α̂1)∫
−a(α̂1)
b(α̂1)∫
−b(α̂1)
...
a(α̂n−1)∫
−a(α̂n−1)
b(α̂n−1)∫
−b(α̂n−1)
fy(yg|si)da(α̂n−1)db(α̂n−1)...da(α̂1)db(α̂1)}
da(α1)db(α1)× ...
a(α2)∫
−a(α2)
b(α2)∫
−b(α2)
{ a(α̂1)∫
−a(α̂1)
b(α̂1)∫
−b(α̂1)
...
...
a(α̂n−2)∫
−a(α̂n−2)
b(α̂n−2)∫
−b(α̂n−2)
fy(yg|si)da(α̂n−2)db(α̂n−2)...
da(α̂1)db(α̂1)
}
da(α2)db(α2). (15)
Eq. (15) gives the probability of correctly distinguishing
all k active carriers from n − k inactive carriers within
the sub-block. The first part of the expression represents
(n,1,M) system, which assumes first active subcarrier among
all the carriers. The second part computes the probability of
selecting a second active carrier from the remaining n − 1
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carriers, and so on for all the k active carriers. With the same
mathematic manipulations used in solving (n,1,M), we obtain
the expression below
p(CI) = 1−
(
1
nM
M∑
q=1
{
K∑
m=2
K−1∑
j=1
K−2∑
i=0
(−1)mAn(m)
exp
(
− i(µq)
2
jN
)}
+
1
(n− 1)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)jAn−1(m)
exp
(
− i(µq)
2
jN
)}
+ ...+
1
(n− k + 1)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)jAn−1(m)
exp
(
− i(µq)
2
jN
)})
+(
1
nM
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)mAn(m)
exp
(
− i(µq)
2
jN
)}
×
1
(n− 1)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)jAn−1(m)
exp
(
− i(µq)
2
jN
)}
× ...×
1
(n− k + 1)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)jAn−1(m)
exp
(
− i(µq)
2
jN
)})
. (16)
This expression can be generalized as
p(CI) = 1−
k−1∑
β=0
1
(n− β)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)mAn−β(m) exp
(
− i(µq)
2
jN
)}
+
k−1∏
β=0
1
(n− β)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)mAn−β(m) exp
(
− i(µq)
2
jN
)}
. (17)
With these generalized expressions for the probability
of correctly distinguishing between subcarriers in Eq. (14)
and Eq. (17) for (n,1,M) and (n,k,M) OFDM-IM systems
respectively, the probability of index detection error P (eI)
can be deduced as
p(eI) = 1− p(CI) (18)
Given the probability of index error p(eI) in Eq. (18), we
can express the index BER Pb(eI) for a single active sub-
carrier in the same manner as the BER of M-ary orthogonal
signaling system [43] as,
pb (eI) =
L/2
L− 1p(eI), (19)
where L = 2blog2(nk )c. For a more accurate pb (eI), we
introduce k in Eq. (19) to give expression for the pb (eI) for
a system with k active subcarriers, and Eq. (19) becomes
pb (eI) =
L/2
(L− 1)kp(eI). (20)
Now that we have established the probability of bit error
in distinguishing between the active and inactive carriers, the
average probability of index bit error in any given OFDM-IM
sub block is given as
p¯b = pb(eI)× p(I), (21)
where P (I) is the apriori probability of Index bits given as
p(I) =
⌊
log2
(n
k
)⌋⌊
log2
(n
k
)⌋
+ klog2M
. (22)
Having derived the bits error in the index part of the OFDM-
IM symbol, we are left with the error that can occur in the
M-ary symbol/symbols conveyed within the active subcar-
rier/subcarriers either due to error in the index detection or
due to the intrinsic error of the particular choice of M-ary
modulation. Let us denote this conditional M-ary symbol
error as p(eM ). Although the probability of bits error in
detecting M-ary digital modulated signal is well established
in the literature [44] and given below for QPSK and 16-
QAM, we need to take into account the errors due to index
bits to determine the overall M-ary errors since they are
caused by the same channel. Below are bits error expressions
for QPSK and 16-QAM.
pb(eQpsk) = Q
{√
2Eb
N0
}
pb(e16−QAM ) =
1
4
Q
{√
36Eb
5N0
+
3
4
Q
{√
12Eb
15N0
}
. (23)
Lets denote the conditional probabilities of M-ary error as
p(eM1) and p(eM2) being M-ary bits error when Index error
occurs and when index error does not occur respectively.
When index error occurs, p(eM1) will be given as the product
of both errors occuring in the index bits as well as the M-
ary bits. But because the errors are caused by the same
channel, we assume that given that error occurs in index bits,
the probability of bit error in M-ary symbol will be given
as 12 , which means the bit is either correctly detected or
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wrongly detected. Therefore, the average conditional prob-
ability ¯p(eM1) is given as
¯p(eM1) = P¯b × 1
2
. (24)
When index bits are correctly detected, p(eM2), which
is also a conditional probability of M-ary bits error, can
be computed as a product of the probability of correctly
detecting the index bits and the probability of bits error of
the M-ary symbols.
p(eM2) = (1− p(eI))× pb(eM−ary). (25)
The average conditional probability ¯p(eM2) can be expressed
as
p¯(eM2) = p(eM2)× p(M), (26)
where p(M) is the a priori probability of M-ary bits given as
p(M) =
klog2M⌊
log2
(n
k
)⌋
+ klog2M
. (27)
Now that we have established the component errors likely
to occur in any of the OFDM-IM sub block, the average bit
error probability of the OFDM-IM system in AWGN can be
expressed as the sum of all average bit errors, which is given
as
pb(eAWGN ) = p¯b + p¯(eM2) + p¯(eM2). (28)
By substituting Eqs. (19), (21), (24), (25) and (26) into Eq.
(27), the generalized expression for the BER of OFDM-IM
system in AWGN channel is given as
pb(eAWGN ) = p(eI)
[3η
2
p(I)− p(eM−ary)p(M)
]
+p(eM−ary)p(M), (29)
where η = L/2(L−1)k . By substituting Eqs. (17) and (18)
into Eq. (29), the generalized expression can be written as
weighted sum of exponentials and Q-functions presented in
Eq. 30, where µ = 12 for k = 1 and µ = 1 for k > 1,
From the generalized BER expression in Eq. (30), we
can write out the closed form tight BER expression for
any arbitrary OFDM-IM system configuration. For example,
for (n,k,M-ary)=(2,1,16-QAM) system, the closed form tight
BER expression is obtained as
pAWGN (E) =
(
1
8
e−(
1.8γ
2 )+
1
4
e−(
γ
2 )+
1
8
e−(
0.2γ
2 )
)
(
3
10
−
(
1
5
Q
(√
9γ
5
)
+
3
5
Q
(√
3γ
15
)))
+
(
1
5
Q
(√
9γ
5
)
+
3
5
Q
(√
3γ
15
))
. (31)
The closed form tight BER expression for (n,k,M-
ary)=(4,2,4-QAM) system is also obtained as follows:
pAWGN (E) =
(
5
2
e−
(γ)
2 +
4
3
e−(
2γ
3 ) +
3
2
e−(γ) +
3
2
e−(
7γ
6 )
1
3
e−
(4γ)
3 +
1
4
e−(
3γ
4 ) +
1
4
e−(
5γ
4 ) +
1
12
e−(
17γ
12 )(
1
3
− 2
3
Q
(√
γ
)))
+
(
2
3
Q
(√
γ
))
. (32)
Although we have considered (2,1,16QAM) and
(4,2,QPSK) as examples. The closed form tight expression
can be obtained for combination of (n,1,M-ary) and (n,k,M-
ary) systems from the generalized BER expression in Eq.
(30).
B. PERFORMANCE ANALYSIS FOR FADING CHANNEL
The main difference between fading channels and AWGN is
in the channel gains. While the AWGN has constant gain of√
N
2 , the fading channel has a variable gain, which is ran-
dom and characterized by a probability distribution function
(PDF). Consequently, the average BER can be calculated by
averaging the BER of instantaneous SNR over the distribu-
tion of SNR as:
pb = pAWGN (E|γ)pγ(γ)δγ
=
∞∫
0
pAWGN (E|γ)fγ(γ)δγ, (33)
where γ is the instantaneous SNR given by γ = |h|
2Es
N and
h is the fading coefficient which is a random variable with a
probability distribution function. Assuming that the envelop
follows a Rayleigh distribution, the instantaneous power of
the Rayleigh fading channel |h|2 has a chi-square distribution
with two degrees of freedom and can be expressed as
fγ(γ) =
1
γ¯
exp(−γ
γ¯
), γ¯ ≥ 0, (34)
where γ¯ = E
{
|h|2
}
Es
N0
is the average SNR of the system.
The closed form tight BER expressions for Rayleigh fading
channel can be derived using Eq. (30). For example, consider
a (n,1,M) system having n = 2, k = 1 and M = QPSK,
then the exact BER expression can be obtained as follows:
By evaluating the probability of bit error for (2,1,QPSK)
in the AWGN channel using Eq. (30),
pAWGN (E|γ) = 1
3
exp−
γ
2 +
2
3
Q(
√
γ)− 1
3
Q(
√
γ)exp−
γ
2 .
(35)
Substituting Eq. (35) and Eq. (34) into Eq. (33),
pb =
∞∫
0
(
1
3
exp−
γ
2 +
2
3
Q(
√
γ)− 1
3
Q(
√
γ)exp−
γ
2
)
×
(
1
γ¯
exp(−γ
γ¯
)
)
dγ. (36)
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pb = µ
k−1∑
β=0
1
(n− β)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)mAn−β(m) exp
(
− i(µq)
2
jN
)}
+
k−1∏
β=0
1
(n− β)M
M∑
q=1
{
K∑
m=3
K−1∑
j=2
K−2∑
i=1
(−1)mAn−β(m) exp
(
− i(µq)
2
jN
)}
,×(
3η
2
p(I)− p(eM−ary)p(M)
})
+ p(eM−ary)p(M)
}
. (30)
Q-function can be expressed in terms of complemntary error
function (erfc) which is given as
Q(x) =
1
2
erfc(
x√
2
), (37)
By substitution,
pb =
∞∫
0
1
3γ
exp−
γ(γ+2)
2γ dγ
︸ ︷︷ ︸
a
+
∞∫
0
1
3γ
erfc(
√
γ
2
)exp−
γ
γ dγ
︸ ︷︷ ︸
b
−
∞∫
0
1
6γ
erfc(
√
γ
2
)exp−
γ(γ+2)
2γ dγ
︸ ︷︷ ︸
c
, (38)
and integrating a, b and c, we have the following results
a =
2
3(γ¯ + 2)
b =
1
3
(
1−
√
γ¯
γ¯ + 2
)
c =
1
6(γ¯ + 2)
(
2−
√
2γ¯
γ¯ + 1
)
, (39)
Substituting Eq. (39) into Eq. (35) yields
pb =
2
3(γ¯ + 2)
+
1
3
(
1−
√
γ¯
γ¯ + 2
)
− 1
6(γ¯ + 2)
(
2−
√
2γ¯
γ¯ + 1
)
, (40)
V. RESULTS VALIDATION
In this section, we validate our analytical expressions by
comparing the BER results with numerical results of the
ML detector. For the numerical simulations, we use OFDM-
IM system with FFT size N = 64 and a CP length L =
12. The OFDM-IM system divides the total N subcarriers
into G clusters of n subcarriers each, where n ∈ {2, 4},
k ∈ {1, 2, 3} and M ∈ {4, 16} . Each cluster of n
subcarriers is received and detected independently using the
ML criteria in the AWGN channel. For fading channel, we
use the WI-FI channel model for the simulation of Rayleigh
fading channel with 11 taps and a sufficient Monte-Carlo
runs have been carried out to generate reliable error statistics.
0 2 4 6 8 10 12
Eb/N0(dB)
10-6
10-5
10-4
10-3
10-2
10-1
100
BE
R
(n,k)=(2,1),16QAM, Numerical
(n,k)=(2,1),16QAM, Analytical
(n,k)=(4,1),16QAM, Numerical
(n,k)=(4,1),16QAM, Analytical
(n,k)=(4,1), 4QAM, Numerical
(n,k)=(4,1), 4QAM, Analytical
FIGURE 4: Comparison between numerical and analytical
BER results of OFDM-IM systems for n = {2,4}, k ={1}
and M = {4QAM,16QAM} in the AWGN channel with ML
detector
Fig. 4 shows the BERs of both numerical simulation and
analytical expressions for (2,1,16QAM), (4,1,4QAM) and
(4,1,16QAM) systems in the AWGN channel. As seen in
this figure, the results are accurate for a wide range of SNR,
including the low SNR regions. Note that most of the OFDM-
IM BER expressions in the literature depend on pair wise
error analysis, which usually result in tight performance at
high SNR region, our expressions model the closely tight
BER performance across the whole SNR region. Fig 5 shows
results for OFDM-IM systems with multi active subcarriers
per sub-block. The results of our BER expressions also match
very closely with the numerical simulations for up to a BER
of 10−6. With this closely matching results, it is evident that
when the decision boundaries over whcih errors can take
place are properly established in deriving BER expressions,
number of n or k will have a negligible effect on the accuracy
of the expression. We also noticed that even though both
index and M-ary errors contribute to the overall error of
the system, index error affects the system more at low SNR
where it is more prone to occur than at the high SNR region.
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Even though the scope of our work is limited to AWGN
channels, we show that our expression can be used to derive
the expression for the performance of a fading channel. Fig.
6 depicts the BER performances (numerical and analytical)
of a (2,1, QPSK) system in a Rayleigh fading channel with
the ML detector. It can be seen to also closely match, which
to a high degree of accuracy validates our generalized BER
expression for OFDM-IM system with the ML detector in
AWGN channel.
We evaluated the BER performance over fading chan-
0 2 4 6 8 10 12
Eb/N0(dB)
10-6
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10-3
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100
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R
(n,k)=(4,2),16QAM, Numerical
(n,k)=(4,2),16QAM, Analytical
(n,k)=(4,3),4QAM, Numerical
(n,k)=(4,3),4QAM, Analytical
(n,k)=(4,2),4QAM, Numerical
(n,k)=(4,2),4QAM, Analytical
FIGURE 5: Comparison between numerical and analytical
BER results of OFDM-IM systems for n = {2,4}, k ={2,3}
and M = {4QAM,16QAM} in the AWGN channel with ML
detector
0 5 10 15 20 25 30
Eb/N0(dB)
10-4
10-3
10-2
10-1
BE
R
(n,k,M)=(2,1,QPSK) Numerical
(n,k,M)=(2,1,QPSK) Analytical
FIGURE 6: Comparison between numerical and analytical
BER results of OFDM-IM systems for n = {2}, k ={1} and
M = {QPSK} in Rayleigh fading channel with ML detector
nels by averaging the fading distribution across the entire
length of the signals. An example of BER expression for
(2,1,QPSK) for rayleigh fading channel is given in (48) and
a validation using simulations is shown in the Fig. 5. BER
expression for (2,1,QPSK) in fading channel also shows close
agreement with the numerical result.
VI. CONCLUSION
Using the decision region method, we derived an expression
for the evaluation of BER of OFDM-IM system with ML
detector in AWGN channel. Our general expression is a
weighted sum and products of exponential functions, which
gives a very tight performance, when compared to numerical
simulations. By applying our expression to Rayleigh fading
channel, closed form and tight expression for OFDM-IM
systems in fading channels can be derived as well for the ML
detector. Results for all the scenarios we tested are highly
accurate across a wide range of SNR including the low SNR
regions and up to a BER of 10−6.
APPENDIX
DERIVATION OF (12) AND (13)
p(CI) =
∞∫
−∞
∞∫
−∞
[(
1
0
)(
− exp− x
2
α+y
2
α
N
)0
+
(
1
1
)(
− exp− x
2
α+y
2
α
N
)1]
×
{
1
M
M∑
q=1
(
1
piN
)
exp(− (xα− xq)
2+(yα− yq)2)
N
)
}
dxαdyα
=
∞∫
−∞
∞∫
−∞
[
1−exp− x
2
α+y
2
α
N
]
×
{
1
M
M∑
q=1
(
1
piN
)
×
exp(− (xα− xq)
2+(yα− yq)2)
N
)
}
dxαdyα
=
1
M
M∑
q=1
(
1
piN
) ∞∫
−∞
∞∫
−∞
[
1−exp− x
2
α+y
2
α
N
]
×
{
exp(− (xα− xq)
2+(yα− yq)2)
N
)
}
dxαdyα
=
1
M
M∑
q=1
(
1
piN
)
×
[ ∞∫
−∞
∞∫
−∞
(
exp(− (xα− xq)
2+(yα− yq)2
N
)
)
dxαdyα
︸ ︷︷ ︸
a
]
−
[ ∞∫
−∞
∞∫
−∞
(
exp(− (xα−xq)
2+(yα−yq)2
N
−x
2
α+y
2
α
N
)
)
dxαdyα
︸ ︷︷ ︸
b
]
,
(41)
Since x and y are independent variables we can integrate
them seperately in both a and b.
ax =
∞∫
−∞
exp
(
− ( (xα − xq)
2
N
)
)
dxα, (42)
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According to [45], special integral Gauss error function is
given by
erf(x) =
∫
2√
pi
exp(−(x2))dx, (43)
By susbtitution, Eq. (42) becomes
ax =
√
pi
√
N
2
erf(
x− xq√
N
). (44)
When we integrate ay in the same manner as ax and evaluat-
ing them together,
a =
√
pi
√
N
2
erf(
x− xq√
N
)×
√
pi
√
N
2
erf(
y − yq√
N
)
=
piN
4
erf(
x− xq√
N
)
∣∣∣∣∣
∞
−∞
erf(
y − yq√
N
)
∣∣∣∣∣
∞
−∞
= piN, (45)
bx =
∞∫
−∞
exp
(
− ( (xα − xq)
2
N
− x
2
α
N
)
)
dxα
=
∞∫
−∞
exp
(
− (2x
2
α − xαxq + x2q)
N
)
dxα, (46)
Upon completing the squares for quadratic polynomial inside
the exponential function, Eq. (46) becomes
bx=
∞∫
−∞
exp
(
−
[(√
2xα√
N
− xq√
2N
)2
+
(
x2q
2N
)])
dxα,(47)
Substituting with equivalent special Gauss error function, Eq.
(47) is equivalent to
bx =
√
pi
√
N
2
√
2
exp−(
x2q
2N )erf(
2xα − xq√
2N
), (48)
Solving by in same manner and evaluating the overall b, we
have
b =
piN
8
exp−(
x2q
2N ) erf(
2xα − xq√
2N
)
∣∣∣∣∣
∞
−∞
erf(
2yα − yq√
2N
)
∣∣∣∣∣
∞
−∞
=
piN
2
exp−(
µ2q
2N ), (49)
By substituting a and b into Eq. (41), p(CI) for a (2,1,M)
OFDM-IM system is given as
p(CI) =
1
MpiN
M∑
q=1
(
a+ b
)
=
1
MpiN
M∑
q=1
(
piN − piN
2
exp−(
µ2q
2N )
)
= 1− 1
2M
M∑
q=1
(
exp−(
µ2q
2N )
)
, (50)
To derive Eq. (13) which is for the (4,1,M) OFDM-IM
system, the marginal probability of correctly detecting the
index symbol is given as
P (CI) =
∞∫
−∞
∞∫
−∞
[(
3
0
)(
− exp− x
2
α+y
2
α
N
)0
+
(
3
1
)(
− exp− x
2
α+y
2
α
N
)1
+
(
3
2
)(
− exp− x
2
α+y
2
α
N
)2
+
(
3
3
)(
− exp− x
2
α+y
2
α
N
)3]
×
{
1
M
M∑
q=1
(
1
piN
)
exp(− (xα− xq)
2+(yα− yq)2)
N
)
}
dxαdyα
=
∞∫
−∞
∞∫
−∞
[
1−3 exp− x
2
α+y
2
α
N +3 exp−
2x2α+y
2
α
N −exp− 3x
2
α+y
2
α
N
]
×
{
1
M
M∑
q=1
(
1
piN
)
×
exp(− (xα− xq)
2+(yα− yq)2)
N
)
}
dxαdyα, (51)
Segmenting Eq. (51) like we did in Eq. (41) into
a =
∞∫
−∞
∞∫
−∞
exp(− (xα− xq)
2+(yα− yq)2)
N
)dxαdyα
b =
∞∫
−∞
∞∫
−∞
− 3 exp(− (xα−xq)
2+(yα−yq)2
N
−x
2
α+y
2
α
N
)dxαdyα
c =
∞∫
−∞
∞∫
−∞
3 exp(− (xα−xq)
2+(yα−yq)2
N
−2x
2
α+y
2
α
N
)dxαdyα
d =
∞∫
−∞
∞∫
−∞
exp(− (xα−xq)
2+(yα−yq)2
N
−3x
2
α+y
2
α
N
)dxαdyα,(52)
When we apply integration in the same way as Eq. (45)
and Eq. (49) to Eq. (52), a, b, c and d can be expressed in a
closed and compact form as
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a = piN
b =
3
2
piN exp−(
µq
2N
)
c = piN exp−(
2µq
3N
)
d =
1
4
piN exp−(
3µq
4N
), (53)
In the same way as Eq. (50), the marginal probability of
correctly distinguishing between the carriers is given by
p(CI) =
1
MpiN
M∑
q=1
(
a+ b+ c+ d
)
=
1
MpiN
M∑
q=1
(
piN − 3piN
2
exp−(
µ2q
2N ) +
piN exp−(
2µ2q
3N )−piN
4
exp−(
3µ2q
4N )
)
= 1− 3
2M
M∑
q=1
(
exp−(
µ2q
2N )
)
+
1
M
M∑
q=1
(
exp−(
2µ2q
3N )
)
− 1
4M
M∑
q=1
(
exp−(
3µ2q
4N )
)
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